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SOMENEWGAUSS-JACOBI ANDHERMITE-HADAMARD TYPE
INEQUALITIES CONCERNING (n+1)-DIFFERENTIABLE
GENERALIZED ((h1,h2); (η1,η2))-CONVEXMAPPINGS
ARTION KASHURI, ROZANA LIKO AND SILVESTRU SEVER DRAGOMIR
Abstract. In this article, we first introduced a new class of generalized ((h1,h2); (η1,η2))-
convex mappings and two interesting lemmas regarding Gauss-Jacobi and
Hermite-Hadamard type integral inequalities. By using the notion of generalized
((h1,h2); (η1,η2))-convexity and the first lemma as an auxiliary result, some new esti-
mates with respect to Gauss-Jacobi type integral inequalities are established. Also, using
the second lemma, some new estimates with respect to Hermite-Hadamard type integral
inequalities via Caputo k-fractional derivatives are obtained. It is pointed out that some
new special cases can be deduced frommain results of the article.
1. Introduction
The following notations are used throughout this paper. We use I to denote an interval on
the real lineR= (−∞,+∞). For any subsetK ⊆Rn , whereRn is used todenote an-dimensional
vector space, K ◦ is the interior of K . The set of integrable functions on the interval [a,b] is
denoted by L[a,b]. The set of functions such that f (n) is continuous on the interval [a,b] is
denoted byCn[a,b].
The following inequality, named Hermite-Hadamard inequality, is one of the most fa-
mous inequalities in the literature for convex functions.
Theorem 1.1. Let f : I ⊆ R −→ R be a convex function on I and a,b ∈ I with a < b. Then the
following inequality holds:
f
(
a+b
2
)
≤ 1
b−a
∫b
a
f (x)dx ≤ f (a)+ f (b)
2
. (1.1)
This inequality (1.1) is also known as trapezium inequality.
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The trapezium type inequality has remained an area of great interest due to its wide ap-
plications in the field of mathematical analysis. For other recent results which generalize, im-
prove and extend the inequality (1.1) through various classes of convex functions interested
readers are referred to [[1]-[32], [34], [36], [38], [40]-[44], [48], [51], [52]].
Let us recall some special functions and evoke some basic definitions as follows.
Definition 1.2. The Euler beta function is defined for a,b > 0 as
β(a,b)=
∫1
0
ta−1(1− t )b−1dt = Γ(a)Γ(b)
Γ(a+b) . (1.2)
Definition 1.3. For k ∈R+ and x ∈C, the k-gamma function is defined by
Γk(x)= lim
n−→∞
n!kn(nk)
x
k
−1
(x)n,k
. (1.3)
Its integral representation is given by
Γk (α)=
∫∞
0
tα−1e−
tk
k dt . (1.4)
One can note that
Γk (α+k)=αΓk (α).
For k = 1, (1.4) gives integral representation of gamma function.
Definition 1.4. For k ∈ R+ and x, y ∈ C, the k-beta function with two parameters x and y is
defined as
βk (x, y)=
1
k
∫1
0
t
x
k
−1(1− t )
y
k
−1dt . (1.5)
For k = 1, (1.5) gives integral representation of beta function.
Theorem 1.5. Let x, y > 0, then for k-gammaand k-beta function the following equality holds:
βk(x, y)=
Γk (x)Γk (y)
Γk(x+ y)
. (1.6)
Definition 1.6. [28] Let α > 0 and α ∉ {1,2,3, . . .}, n = [α]+ 1, f ∈ Cn[a,b] such that f (n) ex-
ists and are continuous on [a,b]. The Caputo fractional derivatives of order α are defined as
follows:
cDαa+ f (x)=
1
Γ(n−α)
∫x
a
f (n)(t )
(x− t )α−n+1dt , x > a (1.7)
and
cDαb− f (x)=
(−1)n
Γ(n−α)
∫b
x
f (n)(t )
(t −x)α−n+1dt , x < b. (1.8)
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If α= n ∈ {1,2,3, . . .} and usual derivative of order n exists, then Caputo fractional deriva-
tive
(
cDαa+ f
)
(x) coincides with f (n)(x). In particular we have
(
cD0a+ f
)
(x)=
(
cD0b− f
)
(x)= f (x) (1.9)
where n = 1 and α= 0.
Definition 1.7. [13] Let α > 0, k ≥ 1 and α ∉ {1,2,3, . . .}, n = [α]+1, f ∈Cn[a,b]. The Caputo
k-fractional derivatives of order α are defined as follows:
cDα,ka+ f (x)=
1
kΓk
(
n− αk
) ∫x
a
f (n)(t )
(x− t ) αk −n+1
dt , x > a (1.10)
and
cDα,k
b− f (x)=
(−1)n
kΓk
(
n− α
k
) ∫b
x
f (n)(t )
(t −x) αk −n+1
dt , x < b. (1.11)
Definition 1.8. [50] A set S ⊆Rn is said to be invex set with respect to themapping η : S×S −→
R
n , if x+ tη(y,x)∈ S for every x, y ∈ S and t ∈ [0,1].
The invex set S is also termed an η-connected set.
Definition 1.9. [33] Let h : [0,1] −→ R be a non-negative function and h 6= 0. The function f
on the invex set K is said to be h-preinvex with respect to η, if
f
(
x+ tη(y,x)
)
≤ h(1− t ) f (x)+h(t ) f (y) (1.12)
for each x, y ∈K and t ∈ [0,1] where f (·)> 0.
Clearly, when putting h(t ) = t in Definition 1.9, f becomes a preinvex function [39]. If the
mapping η(y,x) = y − x in Definition 1.9, then the non-negative function f reduces to h-
convex mappings [47].
Definition 1.10. [49] Let S ⊆ Rn be an invex set with respect to η : S×S −→Rn . A function f :
S −→ [0,+∞) is said to be s-preinvex (or s-Breckner-preinvex) with respect to η and s ∈ (0,1],
if for every x, y ∈ S and t ∈ [0,1],
f
(
x+ tη(y,x)
)
≤ (1− t )s f (x)+ t s f (y). (1.13)
Definition1.11. [35] A function f :K −→R is said to be s-Godunova-Levin-Dragomir-preinvex
functions of second kind, if
f
(
x+ tη(y,x)
)
≤ (1− t )−s f (x)+ t−s f (y), (1.14)
for each x, y ∈K , t ∈ (0,1) and s ∈ (0,1].
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Definition 1.12. [10] A non-negative function f : I ⊆R−→ [0,+∞) is said to be P-function, if
f (t x+ (1− t )y)≤ f (x)+ f (y), ∀x, y ∈ I , t ∈ [0,1].
Definition 1.13. [46] Let f : K ⊆ R−→ R be a non-negative function, a function f : K −→ R is
said to be a t g s-convex function on K if the inequality
f
(
(1− t )x+ t y
)
≤ t (1− t )[ f (x)+ f (y)] (1.15)
grips for all x, y ∈K and t ∈ (0,1).
Definition 1.14. [30] A function f : I ⊆ R −→ R is said to MT -convex functions, if it is non-
negative and ∀ x, y ∈ I and t ∈ (0,1) satisfies the subsequent inequality
f (t x+ (1− t )y)≤
p
t
2
p
1− t
f (x)+
p
1− t
2
p
t
f (y). (1.16)
Definition 1.15. [36] A function: f : I ⊆ R −→ R is said to be m-MT -convex, if f is positive
and for ∀x, y ∈ I , and t ∈ (0,1), amongm ∈ (0,1], satisfies the following inequality
f
(
t x+m(1− t )y
)
≤
p
t
2
p
1− t
f (x)+m
p
1− t
2
p
t
f (y). (1.17)
Form = 1, Definition 1.15 reduces to Definition 1.14.
The concept of η-convex functions (at the beginningwas namedbyϕ-convex functions), con-
sidered in [15], has been introduced as the following.
Definition 1.16. Consider a convex set I ⊆R and a bifunction η : f (I )× f (I )−→R. A function
f : I −→R is called convex with respect to η (briefly η-convex), if
f
(
λx+ (1−λ)y
)
≤ f (y)+λη( f (x), f (y)), (1.18)
is valid for all x, y ∈ I and λ∈ [0,1].
Geometrically it says that if a function is η-convex on I , then for any x, y ∈ I , its graph
is on or under the path starting from (y, f (y)) and ending at
(
x, f (y)+η( f (x), f (y))
)
. If f (x)
should be the end point of the path for every x, y ∈ I , then we have η(x, y) = x − y and the
function reduces to a convex one. For more results about η-convex functions (see [[8], [9],
[14], [15]]).
Definition1.17. [1] Let I ⊆Rbe an invex set with respect to η1 : I×I −→R. Consider f : I −→R
and η2 : f (I )× f (I )−→R. The function f is said to be (η1,η2)-convex if
f
(
x+λη1(y,x)
)
≤ f (x)+λη2( f (y), f (x)), (1.19)
is valid for all x, y ∈ I and λ∈ [0,1].
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The Gauss-Jacobi type quadrature formula has the following
∫b
a
(x−a)p (b−x)q f (x)dx =
+∞∑
k=0
Bm,k f (γk )+R⋆m | f |, (1.20)
for certain Bm,k ,γk and rest R
⋆
m | f | (see [45]).
Recently in [29], Liu obtained several integral inequalities for the left-hand side of (1.20)
under the Definition 1.12 of P-function. Also in [37], Özdemir et al. established several inte-
gral inequalities concerning the left-hand side of (1.20) via some kinds of convexity.
Motivated by above works and references therein, the main objective of this article is
to establish some new estimates with respect to Gauss-Jacobi and Hermite-Hadamard type
integral inequalities using the notion of generalized ((h1,h2); (η1,η2))-convexity and two in-
teresting lemmas as auxiliary results. It is pointed out that some new special cases will be
deduced frommain results of the article.
2. Main results
The following definitions will be used in this section.
Definition 2.1. [11] A set K ⊆ Rn is named as m-invex with respect to the mapping η : K ×
K −→Rn for somefixedm ∈ (0,1], ifmx+tη(y,mx) ∈K grips for each x, y ∈K and any t ∈ [0,1].
Remark 2.2. In Definition 2.1, under certain conditions, the mapping η(y,mx) could reduce
to η(y,x). Whenm = 1, we get Definition 1.8.
We next introduce the concept of generalized ((h1,h2); (η1,η2))-convex mappings.
Definition 2.3. LetK ⊆R be an openm-invex set with respect to themapping η1 :K×K −→R.
Suppose h1,h2 : [0,1] −→ [0,+∞) and ϕ : I −→ K are continuous. Consider f : K −→ (0,+∞)
and η2 : f (K )× f (K )−→R. The mapping f is said to be generalized ((h1,h2); (η1,η2))-convex,
if
f
(
mϕ(x)+ tη1(ϕ(y),mϕ(x))
)
≤
[
mh1(t ) f
r (x)+h2(t )η2( f r (y), f r (x))
] 1
r (2.1)
holds for all x, y ∈ I , r 6= 0, for any t ∈ [0,1] and some fixedm ∈ (0,1].
Remark 2.4. In Definition 2.3, if we choosem = r = 1, h1(t )= 1, h2(t ) = t , η1(ϕ(y),mϕ(x)) =
ϕ(y)−mϕ(x), η2( f r (y), f r (x)) = η( f r (y), f r (x)) and ϕ(x) = x, ∀x ∈ I , then we get Definition
1.16. Also, in Definition 2.3, if we choose m = r = 1, h1(t ) = 1, h2(t ) = t and ϕ(x) = x, ∀x ∈ I ,
then we get Definition 1.17. Under some suitable choices as we done above, we can get also
the Definitions 1.10 and 1.11.
Remark 2.5. For r = 1, let us discuss some special cases in Definition 2.3 as follows.
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(I) If taking h1(t )= h2(t )= 1, then we get generalized ((m,P); (η1,η2))-convex mappings.
(II) If taking h1(t ) = h(1− t ), h2(t ) = h(t ), then we get generalized ((m,h); (η1,η2))-convex
mappings.
(III) If taking h1(t )= (1− t )s , h2(t )= t s for s ∈ (0,1], then we get generalized ((m, s); (η1,η2))-
Breckner-convex mappings.
(IV) If takingh1(t )= (1−t )−s , h2(t )= t−s for s ∈ (0,1], thenwe get generalized ((m, s); (η1,η2))-
Godunova-Levin-Dragomir-convex mappings.
(V) If taking h1(t )= h2(t )= t (1− t ), then we get generalized ((m, t g s); (η1,η2))-convex map-
pings.
(VI) If takingh1(t )=
p
1− t
2
p
t
, h2(t )=
p
t
2
p
1− t
, thenwe get generalized (m; (η1,η2))-MT -convex
mappings.
It is worth to mention here that to the best of our knowledge all the special cases discussed
above are new in the literature.
Let see the following example of a generalized ((h1,h2); (η1,η2))-convex mapping which
is not convex.
Example 2.6. Let takem = r = 1, h1(t )= 1, h2(t )= t andϕ an identity function. Consider the
function f : [0,+∞)−→ [0,+∞) by
f (x)=
{
x, 0≤ x ≤ 2;
2, x > 2.
Define two bifunctions η1 : [0,+∞)× [0,+∞)−→R and η2 : [0,+∞)× [0,+∞)−→ [0,+∞) by
η1(x, y)=
{
−y, 0≤ y ≤ 2;
x+ y, y > 2,
and
η2(x, y)=
{
x+ y, x ≤ y ;
4(x+ y), x > y.
Then f is generalized ((1, t ); (η1,η2))-convex mapping. But f is not preinvex with respect to
η1 and also it is not convex (consider x = 0, y = 3 and t ∈ (0,1]).
For establishing our first main results regarding some new Gauss-Jacobi type integral
inequalities associated with generalized ((h1,h2); (η1,η2))-convexity, we need the following
lemma.
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Lemma 2.7. Let ϕ : I −→ K be a continuous function. Assume that f : K = [mϕ(a),mϕ(a)+
η(ϕ(b),mϕ(a))] −→ R is a continuous mapping on K ◦ with respect to η : K ×K −→ R, where
η(ϕ(b),mϕ(a))> 0. Then for some fixed m ∈ (0,1] and any fixed p,q > 0,we have∫mϕ(a)+η(ϕ(b),mϕ(a))
mϕ(a)
(x−mϕ(a))p (mϕ(a)+η(ϕ(b),mϕ(a))−x)q f (x)dx
= ηp+q+1(ϕ(b),mϕ(a))
∫1
0
tp(1− t )q f (mϕ(a)+ tη(ϕ(b),mϕ(a)))dt .
Proof. It is easy to observe that∫mϕ(a)+η(ϕ(b),mϕ(a))
mϕ(a)
(x−mϕ(a))p (mϕ(a)+η(ϕ(b),mϕ(a))−x)q f (x)dx
= η(ϕ(b),mϕ(a))
∫1
0
(mϕ(a)+ tη(ϕ(b),mϕ(a))−mϕ(a))p
×(mϕ(a)+η(ϕ(b),mϕ(a))−mϕ(a)− tη(ϕ(b),mϕ(a)))q f (mϕ(a)+ tη(ϕ(b),mϕ(a)))dt
= ηp+q+1(ϕ(b),mϕ(a))
∫1
0
tp(1− t )q f (mϕ(a)+ tη(ϕ(b),mϕ(a)))dt .
This completes the proof of the lemma. 
Using Lemma 2.7, we now state the following theorems.
Theorem 2.8. Let k > 1 and 0 < r ≤ 1. Suppose K = [mϕ(a),mϕ(a)+ η1(ϕ(b),mϕ(a))] ⊆ R
be an open m-invex subset with respect to η1 : K ×K −→ R for some fixed m ∈ (0,1], where
η1(ϕ(b),mϕ(a))> 0. Also, let h1,h2 : [0,1] −→ [0,+∞) and ϕ : I −→ K are continuous. Assume
that f : K −→ (0,+∞) be a mapping on K ◦ such that f ∈ L(K ) and η2 : f (K )× f (K ) −→ R. If
f
k
k−1 is generalized ((h1,h2); (η1,η2))-convex mapping, then for any fixed p,q > 0, the following
inequality holds:∫mϕ(a)+η1(ϕ(b),mϕ(a))
mϕ(a)
(x−mϕ(a))p (mϕ(a)+η1(ϕ(b),mϕ(a))−x)q f (x)dx
≤ ηp+q+11 (ϕ(b),mϕ(a))
k
√
β(kp+1,kq+1)
×
[
mf
rk
k−1 (a)I r (h1(t );r )+η2
(
f
rk
k−1 (b), f
rk
k−1 (a)
)
I r (h2(t );r )
] k−1
rk
,
where
I (hi (t );r ) :=
∫1
0
h
1
r
i
(t )dt , ∀ i = 1,2.
Proof. Since f
k
k−1 is generalized ((h1,h2); (η1,η2))-convex mapping, combining with Lemma
2.7, Hölder inequality, Minkowski inequality and using properties of the modulus, we have∫mϕ(a)+η1(ϕ(b),mϕ(a))
mϕ(a)
(x−mϕ(a))p (mϕ(a)+η1(ϕ(b),mϕ(a))−x)q f (x)dx
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≤ |η1(ϕ(b),mϕ(a))|p+q+1
[∫1
0
tkp(1− t )kqdt
] 1
k
×
[∫1
0
| f (mϕ(a)+ tη1(ϕ(b),mϕ(a)))|
k
k−1dt
] k−1
k
≤ ηp+q+11 (ϕ(b),mϕ(a))
k
√
β(kp+1,kq+1)
×
[∫1
0
[
mh1(t ) f
rk
k−1 (a)+h2(t )η2
(
f
rk
k−1 (b), f
rk
k−1 (a)
)] 1
r
dt
] k−1
k
≤ ηp+q+11 (ϕ(b),mϕ(a)) k
√
β(kp+1,kq+1)
×
[(∫1
0
m
1
r f
k
k−1 (a)h
1
r
1 (t )dt
)r
+
(∫1
0
η
1
r
2
(
f
rk
k−1 (b), f
rk
k−1 (a)
)
h
1
r
2 (t )dt
)r ] k−1
rk
= ηp+q+11 (ϕ(b),mϕ(a))
k
√
β(kp+1,kq+1)
×
[
mf
rk
k−1 (a)I r (h1(t );r )+η2
(
f
rk
k−1 (b), f
rk
k−1 (a)
)
I r (h2(t );r )
] k−1
rk
.
So, the proof of this theorem is completed. 
We point out some special cases of Theorem 2.8.
Corollary 2.9. In Theorem 2.8 for k = 2,we have the following inequality:
∫mϕ(a)+η1(ϕ(b),mϕ(a))
mϕ(a)
(x−mϕ(a))p (mϕ(a)+η1(ϕ(b),mϕ(a))−x)q f (x)dx
≤ ηp+q+11 (ϕ(b),mϕ(a))
√
β(2p+1,2q +1)
×
[
mf 2r (a)I r (h1(t );r )+η2
(
f 2r (b), f 2r (a)
)
I r (h2(t );r )
] 1
2r
. (2.2)
Corollary 2.10. In Theorem 2.8 for h1(t )= h2(t )= 1, m = 1, η1(ϕ(b), mϕ(a))=ϕ(b)−mϕ(a),
ϕ(x)= x and f (x)≤ L, ∀x ∈ I ,we get the following inequality:
∫b
a
(x−a)p (b−x)q f (x)dx ≤ (b−a)p+q+1 k
√
β(kp+1,kq+1)×
[
L
rk
k−1 +η2
(
L
rk
k−1 ,L
rk
k−1
)] k−1
rk
. (2.3)
Corollary 2.11. In Theorem 2.8 for h1(t ) = h(1− t ), h2(t ) = h(t ),m = 1, η1(ϕ(b),mϕ(a)) =
ϕ(b)−mϕ(a),ϕ(x)= x and f (x)≤ L, ∀x ∈ I ,we get the following inequality:
∫b
a
(x−a)p (b−x)q f (x)dx
≤ (b−a)p+q+1 k
√
β(kp+1,kq+1)I k−1k (h(t );r )
[
L
rk
k−1 +η2
(
L
rk
k−1 ,L
rk
k−1
)] k−1
rk
. (2.4)
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Corollary 2.12. In Corollary 2.11 for h1(t )= (1− t )s , h2(t )= t s ,we get the following inequality:∫b
a
(x−a)p (b−x)q f (x)dx
≤ (b−a)p+q+1 k
√
β(kp+1,kq+1)
( r
r + s
) k−1
k
[
L
rk
k−1 +η2
(
L
rk
k−1 ,L
rk
k−1
)] k−1
rk
. (2.5)
Corollary 2.13. In Corollary 2.11 for h1(t ) = (1− t )−s , h2(t ) = t−s and 0 < s < r, we get the
following inequality:∫b
a
(x−a)p (b−x)q f (x)dx
≤ (b−a)p+q+1 k
√
β(kp+1,kq+1)
( r
r − s
) k−1
k
[
L
rk
k−1 +η2
(
L
rk
k−1 ,L
rk
k−1
)] k−1
rk
. (2.6)
Corollary 2.14. In Theorem 2.8 for h1(t ) = h2(t ) = t (1− t ), m = 1, η1(ϕ(b), mϕ(a)) = ϕ(b)−
mϕ(a), ϕ(x)= x and f (x)≤ L, ∀x ∈ I ,we get the following inequality:∫b
a
(x−a)p (b−x)q f (x)dx
≤ (b−a)p+q+1 k
√
β(kp+1,kq+1)β k−1k
(
1+ 1
r
,1+ 1
r
)[
L
rk
k−1 +η2
(
L
rk
k−1 ,L
rk
k−1
)] k−1
rk
. (2.7)
Corollary 2.15. In Corollary 2.11 for h1(t )=
p
1− t
2
p
t
, h2(t )=
p
t
2
p
1− t
and r ∈
(
1
2 ,1
]
, we get the
following inequality:∫b
a
(x−a)p (b−x)q f (x)dx
≤ (b−a)p+q+1 k
√
β(kp+1,kq+1)β k−1k
(
1− 1
2r
,1+ 1
2r
)[
L
rk
k−1 +η2
(
L
rk
k−1 ,L
rk
k−1
)] k−1
rk
. (2.8)
Theorem 2.16. Let l ≥ 1 and 0 < r ≤ 1. Suppose K = [mϕ(a),mϕ(a)+η1(ϕ(b),mϕ(a))] ⊆ R
be an open m-invex subset with respect to η1 : K ×K −→ R for some fixed m ∈ (0,1], where
η1(ϕ(b),mϕ(a))> 0. Also, let h1,h2 : [0,1] −→ [0,+∞) and ϕ : I −→ K are continuous. Assume
that f : K −→ (0,+∞) be a mapping on K ◦ such that f ∈ L1(K ) and η2 : f (K )× f (K ) −→ R. If
f l is generalized ((h1,h2); (η1,η2))-convex mapping, then for any fixed p,q > 0, the following
inequality holds:∫mϕ(a)+η1(ϕ(b),mϕ(a))
mϕ(a)
(x−mϕ(a))p (mϕ(a)+η1(ϕ(b),mϕ(a))−x)q f (x)dx
≤ ηp+q+11 (ϕ(b),mϕ(a))β
l−1
l (p+1,q +1)
× rl
√
mf rl (a)I r (h1(t );p,q,r )+η2
(
f rl (b), f rl (a)
)
I r (h2(t );p,q,r ), (2.9)
where
I (hi (t );p,q,r ) :=
∫1
0
tp(1− t )qh
1
r
i
(t )dt , ∀ i = 1,2.
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Proof. Since f l is generalized ((h1,h2); (η1,η2))-convex mapping, combining with Lemma
2.7, the well-known power mean inequality, Minkowski inequality and using properties of the
modulus, we have∫mϕ(a)+η1(ϕ(b),mϕ(a))
mϕ(a)
(x−mϕ(a))p (mϕ(a)+η1(ϕ(b),mϕ(a))−x)q f (x)dx
= ηp+q+11 (ϕ(b),mϕ(a))
∫1
0
[
tp(1− t )q
] l−1
l
[
tp(1− t )q
] 1
l
f (mϕ(a)+ tη1(ϕ(b),mϕ(a)))dt
≤ |η1(ϕ(b),mϕ(a))|p+q+1
[∫1
0
tp(1− t )qdt
] l−1
l
×
[∫1
0
tp (1− t )q | f (mϕ(a)+ tη1(ϕ(b),mϕ(a)))|ldt
] 1
l
≤ ηp+q+11 (ϕ(b),mϕ(a))β
l−1
l (p+1,q +1)
×
[∫1
0
tp (1− t )q
[
mh1(t ) f
rl (a)+h2(t )η2
(
f rl (b), f rl (a)
)] 1
r
dt
] 1
l
≤ ηp+q+11 (ϕ(b),mϕ(a))β
l−1
l (p+1,q +1)
×
[(∫1
0
m
1
r f l (a)tp(1− t )qh
1
r
1 (t )dt
)r
+
(∫1
0
η
1
r
2
(
f rl (b), f rl (a)
)
tp(1− t )qh
1
r
2 (t )dt
)r ] 1
rl
= ηp+q+11 (ϕ(b),mϕ(a))β
l−1
l (p+1,q +1)
× rl
√
mf rl (a)I r (h1(t );p,q,r )+η2
(
f rl (b), f rl (a)
)
I r (h2(t );p,q,r ).
So, the proof of this theorem is completed. 
We point out some special cases of Theorem 2.16.
Corollary 2.17. In Theorem 2.16 for l = 1, we have the following inequality:∫mϕ(a)+η1(ϕ(b),mϕ(a))
mϕ(a)
(x−mϕ(a))p (mϕ(a)+η1(ϕ(b),mϕ(a))−x)q f (x)dx
≤ ηp+q+11 (ϕ(b),mϕ(a))
r
√
mf r (a)I r (h1(t );p,q,r )+η2
(
f r (b), f r (a)
)
I r (h2(t );p,q,r ). (2.10)
Corollary 2.18. In Theorem 2.16 for h1(t )= h2(t )= 1, m = 1, η1(ϕ(b),mϕ(a))=ϕ(b)−mϕ(a),
ϕ(x)= x and f (x)≤ L, ∀x ∈ I ,we get the following inequality:∫b
a
(x−a)p (b−x)q f (x)dx ≤ (b−a)p+q+1β(p+1,q +1) rl
√
Lrl +η2
(
Lrl ,Lrl
)
. (2.11)
Corollary 2.19. In Theorem 2.16 for h1(t ) = h(1− t ), h2(t ) = h(t ), m = 1, η1(ϕ(b),mϕ(a)) =
ϕ(b)−mϕ(a), ϕ(x)= x and f (x)≤ L, ∀x ∈ I ,we get the following inequality:∫b
a
(x−a)p (b−x)q f (x)dx
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≤ (b−a)p+q+1β l−1l (p+1,q +1) rl
√
Lrl I r (h(t );q,p,r )+η2
(
Lrl ,Lrl
)
I r (h(t );p,q,r ). (2.12)
Corollary 2.20. In Corollary 2.19 for h1(t )= (1− t )s , h2(t )= t s ,we get the following inequality:∫b
a
(x−a)p (b−x)q f (x)dx
≤ (b−a)p+q+1β l−1l (p+1,q +1)
× rl
√
Lrlβr
(
q + s
r
+1,p+1
)
+η2
(
Lrl ,Lrl
)
βr
(
p+ s
r
+1,q +1
)
. (2.13)
Corollary 2.21. In Corollary 2.19 for h1(t ) = (1− t )−s , h2(t ) = t−s and 0 < s ≤ r, we get the
following inequality:
∫b
a
(x−a)p(b−x)q f (x)dx ≤ (b−a)p+q+1β l−1l (p+1,q +1)
× rl
√
Lrlβr
(
q − s
r
+1,p+1
)
+η2
(
Lrl ,Lrl
)
βr
(
p− s
r
+1,q +1
)
. (2.14)
Corollary 2.22. In Theorem 2.16 for h1(t ) = h2(t ) = t (1− t ),m = 1, η1(ϕ(b),mϕ(a)) = ϕ(b)−
mϕ(a),ϕ(x)= x and f (x)≤ L, ∀x ∈ I ,we get the following inequality:
∫b
a
(x−a)p (b−x)q f (x)dx
≤ (b−a)p+q+1β l−1l (p+1,q +1)β 1l
(
p+ 1
r
+1,q + 1
r
+1
)
rl
√
Lrl +η2
(
Lrl ,Lrl
)
. (2.15)
Corollary 2.23. In Corollary 2.19 for h1(t )=
p
1− t
2
p
t
, h2(t )=
p
t
2
p
1− t
and r ∈
[
1
2 ,1
]
, we get the
following inequality:
∫b
a
(x−a)p (b−x)q f (x)dx
≤
(
1
2
) 1
rl
(b−a)p+q+1β l−1l (p+1,q +1)
× rl
√
Lrlβr
(
q + 1
2r
+1,p− 1
2r
+1
)
+η2
(
Lrl ,Lrl
)
βr
(
p+ 1
2r
+1,q − 1
2r
+1
)
. (2.16)
For establishing our second main results regarding some new Hermite-Hadamard type
integral inequalities associated with generalized ((h1,h2); (η1,η2))-convexity via Caputo k-
fractional derivatives, we need the following lemma.
Lemma 2.24. Let α > 0, k ≥ 1 and α ∉ {1,2,3, . . .}, n = [α]+1. Let ϕ : I −→ K be a continuous
function. Suppose K = [mϕ(a),mϕ(a)+η(ϕ(b),mϕ(a))] ⊆ R be an open m-invex subset with
respect to η : K ×K −→ R for some fixed m ∈ (0,1], where η(ϕ(b),mϕ(a)) > 0. Assume that f :
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K −→ R is a mapping on K ◦ such that f ∈ Cn+1(K ). Then we have the following equality for
Caputo k-fractional derivatives:
ηn−
α
k (ϕ(x),mϕ(a)) f (n)(mϕ(a)+η(ϕ(x),mϕ(a)))
η(ϕ(b),mϕ(a))
−η
n− α
k (ϕ(x),mϕ(b)) f (n)(mϕ(b)+η(ϕ(x),mϕ(b)))
η(ϕ(b),mϕ(a))
+ (−1)n+1
(nk −α)Γk
(
n− αk
)
η(ϕ(b),mϕ(a))
×
[
cDα,k(mϕ(a)+η(ϕ(x),mϕ(a)))− f (mϕ(a))−
cDα,k
(mϕ(b)+η(ϕ(x),mϕ(b)))− f (mϕ(b))
]
= η
n− α
k
+1(ϕ(x),mϕ(a))
η(ϕ(b),mϕ(a))
∫1
0
tn−
α
k f (n+1)(mϕ(a)+ tη(ϕ(x),mϕ(a)))dt
−η
n− α
k
+1(ϕ(x),mϕ(b))
η(ϕ(b),mϕ(a))
∫1
0
tn−
α
k f (n+1)(mϕ(b)+ tη(ϕ(x),mϕ(b)))dt .
We denote
I f ,η,ϕ(x;α,k ,n,m,a,b)
:= η
n− α
k
+1(ϕ(x),mϕ(a))
η(ϕ(b),mϕ(a))
∫1
0
tn−
α
k f (n+1)(mϕ(a)+ tη(ϕ(x),mϕ(a)))dt
−η
n− α
k
+1(ϕ(x),mϕ(b))
η(ϕ(b),mϕ(a))
∫1
0
tn−
α
k f (n+1)(mϕ(b)+ tη(ϕ(x),mϕ(b)))dt . (2.17)
Proof. Integrating by parts, we get
I f ,η,ϕ(x;α,k ,n,m,a,b)
= η
n− α
k
+1(ϕ(x),mϕ(a))
η(ϕ(b),mϕ(a))
[
tn−
α
k f (n)(mϕ(a)+ tη(ϕ(x),mϕ(a)))
η(ϕ(x),mϕ(a))
∣∣∣∣
1
0
−
n− α
k
η(ϕ(x),mϕ(a))
∫1
0
tn−
α
k
−1 f (n)(mϕ(a)+ tη(ϕ(x),mϕ(a)))dt
]
−η
n− α
k
+1(ϕ(x),mϕ(b))
η(ϕ(b),mϕ(a))
[
tn−
α
k f (n)(mϕ(b)+ tη(ϕ(x),mϕ(b)))
η(ϕ(x),mϕ(b))
∣∣∣∣
1
0
−
n− αk
η(ϕ(x),mϕ(b))
∫1
0
tn−
α
k
−1 f (n)(mϕ(b)+ tη(ϕ(x),mϕ(b)))dt
]
= η
n− α
k (ϕ(x),mϕ(a)) f (n)(mϕ(a)+η(ϕ(x),mϕ(a)))
η(ϕ(b),mϕ(a))
−η
n− α
k (ϕ(x),mϕ(b)) f (n)(mϕ(b)+η(ϕ(x),mϕ(b)))
η(ϕ(b),mϕ(a))
+ (−1)n+1
(nk −α)Γk
(
n− αk
)
η(ϕ(b),mϕ(a))
×
[
cDα,k(mϕ(a)+η(ϕ(x),mϕ(a)))− f (mϕ(a))−
cDα,k
(mϕ(b)+η(ϕ(x),mϕ(b)))− f (mϕ(b))
]
.
This completes the proof of the lemma. 
Using Lemma 2.24, we now state the following theorems for the corresponding version
for power of (n+1)-derivatives.
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Theorem 2.25. Let α > 0, k ≥ 1, 0 < r ≤ 1 and α ∉ {1,2,3, . . .}, n = [α]+ 1. Also, let h1,h2 :
[0,1]−→ [0,+∞)andϕ : I −→ K are continuous. Suppose K = [mϕ(a),mϕ(a)+η1(ϕ(b),mϕ(a))]
⊆ R be an open m-invex subset with respect to η1 : K ×K −→ R for some fixed m ∈ (0,1], where
η1(ϕ(b),mϕ(a))> 0. Assume that f : K −→ (0,+∞) is a mapping on K ◦ such that f ∈Cn+1(K )
and η2 : f (K )× f (K ) −→ R. If
(
f (n+1)(x)
)q
is generalized ((h1,h2); (η1,η2))-convex mapping,
q > 1, p−1+q−1 = 1, then the following inequality for Caputo k-fractional derivatives holds:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤
1
η1(ϕ(b),mϕ(a))
p
√
1(
n− αk
)
p+1
×
{
|η1(ϕ(x),mϕ(a))|n−
α
k
+1
× rq
√
m
(
f (n+1)(a)
)rq
I r (h1(t );r )+η2
((
f (n+1)(x)
)rq
,
(
f (n+1)(a)
)rq )
I r (h2(t );r )
+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
× rq
√
m
(
f (n+1)(b)
)rq
I r (h1(t );r )+η2
((
f (n+1)(x)
)rq
,
(
f (n+1)(b)
)rq )
I r (h2(t );r )
}
, (2.18)
where I (hi (t );r ), for all i = 1,2, are defined as in Theorem 2.8.
Proof. From Lemma 2.24, generalized ((h1,h2); (η1,η2))-convexity of
(
f (n+1)(x)
)q
, Hölder in-
equality, Minkowski inequality and properties of the modulus, we have
|I f ,η1,ϕ(x;α,k ,n,m,a,b)|
≤ |η1(ϕ(x),mϕ(a))|
n− α
k
+1
|η1(ϕ(b),mϕ(a))|
∫1
0
tn−
α
k | f (n+1)(mϕ(a)+ tη1(ϕ(x),mϕ(a)))|dt
+|η1(ϕ(x),mϕ(b))|
n− α
k
+1
|η1(ϕ(b),mϕ(a))|
∫1
0
tn−
α
k | f (n+1)(mϕ(b)+ tη1(ϕ(x),mϕ(b)))|dt
≤ |η1(ϕ(x),mϕ(a))|
n− α
k
+1
η1(ϕ(b),mϕ(a))
(∫1
0
t
(
n− α
k
)
pdt
) 1
p
(∫1
0
(
f (n+1)(mϕ(a)+ tη1(ϕ(x),mϕ(a)))
)q
dt
) 1
q
+|η1(ϕ(x),mϕ(b))|
n− α
k
+1
η1(ϕ(b),mϕ(a))
(∫1
0
t
(
n− α
k
)
pdt
) 1
p
(∫1
0
(
f (n+1)(mϕ(b)+ tη1(ϕ(x),mϕ(b)))
)q
dt
) 1
q
≤ |η1(ϕ(x),mϕ(a))|
n− α
k
+1
η1(ϕ(b),mϕ(a))
(∫1
0
t
(
n− α
k
)
pdt
) 1
p
×
(∫1
0
[
mh1(t )
(
f (n+1)(a)
)rq +h2(t )η2 (( f (n+1)(x))rq ,( f (n+1)(a))rq )] 1r dt
) 1
q
+|η1(ϕ(x),mϕ(b))|
n− α
k
+1
η1(ϕ(b),mϕ(a))
(∫1
0
t
(
n− α
k
)
pdt
) 1
p
×
(∫1
0
[
mh1(t )
(
f (n+1)(b)
)rq +h2(t )η2 (( f (n+1)(x))rq ,( f (n+1)(b))rq )] 1r dt
) 1
q
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≤ |η1(ϕ(x),mϕ(a))|
n− α
k
+1
η1(ϕ(b),mϕ(a))
(∫1
0
t
(
n− α
k
)
pdt
) 1
p
×
{(∫1
0
m
1
r
(
f (n+1)(a)
)q
h
1
r
1 (t )dt
)r
+
(∫1
0
η
1
r
2
((
f (n+1)(x)
)rq
,
(
f (n+1)(a)
)rq )
h
1
r
2 (t )dt
)r } 1
rq
+|η1(ϕ(x),mϕ(b))|
n− α
k
+1
η1(ϕ(b),mϕ(a))
(∫1
0
t
(
n− α
k
)
pdt
) 1
p
×
{(∫1
0
m
1
r
(
f (n+1)(b)
)q
h
1
r
1 (t )dt
)r
+
(∫1
0
η
1
r
2
((
f (n+1)(x)
)rq
,
(
f (n+1)(b)
)rq )
h
1
r
2 (t )dt
)r } 1
rq
= 1
η1(ϕ(b),mϕ(a))
p
√
1(
n− αk
)
p+1
×
{
|η1(ϕ(x),mϕ(a))|n−
α
k
+1
× rq
√
m
(
f (n+1)(a)
)rq
I r (h1(t );r )+η2
((
f (n+1)(x)
)rq
,
(
f (n+1)(a)
)rq )
I r (h2(t );r )
+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
× rq
√
m
(
f (n+1)(b)
)rq
I r (h1(t );r )+η2
((
f (n+1)(x)
)rq
,
(
f (n+1)(b)
)rq )
I r (h2(t );r )
}
.
So, the proof of this theorem is completed. 
We point out some special cases of Theorem 2.25.
Corollary 2.26. In Theorem 2.25 for p = q = 2, we have the following Hermite-Hadamard type
inequality for generalized ((h1,h2); (η1,η2))-convex mappings via Caputo k-fractional deriva-
tives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤
1√
2
(
n− αk
)
+1
1
η1(ϕ(b),mϕ(a))
{
|η1(ϕ(x),mϕ(a))|n−
α
k
+1
× 2r
√
m
(
f (n+1)(a)
)2r
I r (h1(t );r )+η2
((
f (n+1)(x)
)2r
,
(
f (n+1)(a)
)2r )
I r (h2(t );r )
+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
× 2r
√
m
(
f (n+1)(b)
)2r
I r (h1(t );r )+η2
((
f (n+1)(x)
)2r
,
(
f (n+1)(b)
)2r )
I r (h2(t );r )
}
. (2.19)
Corollary 2.27. In Theorem 2.25 for h1(t )= h2(t )= 1 and f (n+1)(x)≤ L, ∀x ∈ I , we get the fol-
lowing Hermite-Hadamard type inequality for generalized ((m,P); (η1,η2))-convex mappings
via Caputo k-fractional derivatives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤
1
η1(ϕ(b),mϕ(a))
p
√
1(
n− αk
)
p+1
×
[
|η1(ϕ(x),mϕ(a))|n−
α
k
+1+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
]
rq
√
mLrq +η2 (Lrq ,Lrq ). (2.20)
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Corollary 2.28. In Theorem 2.25 for h1(t )= h(1− t ), h2(t )= h(t ) and f (n+1)(x)≤ L, ∀x ∈ I ,we
get the following Hermite-Hadamard type inequality for generalized ((m,h); (η1,η2))-convex
mappings via Caputo k-fractional derivatives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤ p
√
1(
n− α
k
)
p+1
I
1
q (h(t );r )
η1(ϕ(b),mϕ(a))
×
[
|η1(ϕ(x),mϕ(a))|n−
α
k
+1+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
]
rq
√
mLrq +η2 (Lrq ,Lrq ). (2.21)
Corollary 2.29. In Corollary 2.28 for h1(t )= (1− t )s , h2(t )= t s , we get the following Hermite-
Hadamard type inequality for generalized ((m, s); (η1,η2))-Breckner-convex mappings via Ca-
puto k-fractional derivatives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤
1
η1(ϕ(b),mϕ(a))
( r
r + s
) 1
q
p
√
1(
n− α
k
)
p+1
×
[
|η1(ϕ(x),mϕ(a))|n−
α
k
+1+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
]
rq
√
mLrq +η2 (Lrq ,Lrq ). (2.22)
Corollary 2.30. In Corollary 2.28 for h1(t )= (1− t )−s , h2(t )= t−s and 0< s < r, we get the fol-
lowing Hermite-Hadamard type inequality for generalized ((m, s); (η1,η2))-Godunova-Levin-
Dragomir-convex mappings via Caputo k-fractional derivatives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤
1
η1(ϕ(b),mϕ(a))
( r
r − s
) 1
q
p
√
1(
n− α
k
)
p+1
×
[
|η1(ϕ(x),mϕ(a))|n−
α
k
+1+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
]
rq
√
mLrq +η2 (Lrq ,Lrq ). (2.23)
Corollary 2.31. In Theorem2.25 for h1(t )= h2(t )= t (1−t ) and f (n+1)(x)≤ L, ∀x ∈ I ,we get the
following Hermite-Hadamard type inequality for generalized ((m, t g s); (η1,η2))-convex map-
pings via Caputo k-fractional derivatives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤ p
√
1(
n− αk
)
p+1
β
1
q
(
1+ 1r ,1+ 1r
)
η1(ϕ(b),mϕ(a))
×
[
|η1(ϕ(x),mϕ(a))|n−
α
k
+1+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
]
rq
√
mLrq +η2 (Lrq ,Lrq ). (2.24)
Corollary 2.32. In Corollary 2.28 for h1(t )=
p
1− t
2
p
t
, h2(t )=
p
t
2
p
1− t
and r ∈
(
1
2 ,1
]
, we get the
following Hermite-Hadamard type inequality for generalized (m; (η1,η2))-MT -convex map-
pings via Caputo k-fractional derivatives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤ p
√
1(
n− αk
)
p+1
β
1
q
(
1− 12r ,1+ 12r
)
η1(ϕ(b),mϕ(a))
×
[
|η1(ϕ(x),mϕ(a))|n−
α
k
+1+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
]
rq
√
mLrq +η2 (Lrq ,Lrq ). (2.25)
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Theorem 2.33. Let α > 0, k ≥ 1, 0 < r ≤ 1 and α ∉ {1,2,3, . . .}, n = [α]+ 1. Also, let h1,h2 :
[0,1]−→ [0,+∞)andϕ : I −→K are continuous. Suppose K = [mϕ(a),mϕ(a)+η1(ϕ(b),mϕ(a))]⊆
R be an open m-invex subset with respect to η1 : K ×K −→ R for some fixed m ∈ (0,1], where
η1(ϕ(b),mϕ(a))> 0. Assume that f : K −→ (0,+∞) is a mapping on K ◦ such that f ∈Cn+1(K )
and η2 : f (K )× f (K ) −→ R. If
(
f (n+1)(x)
)q
is generalized ((h1,h2); (η1,η2))-convex mapping,
q ≥ 1, then the following inequality for Caputo k-fractional derivatives holds:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)|
≤
(
1
n−α
k
+1
)1− 1
q 1
η1(ϕ(b),mϕ(a))
{
|η1(ϕ(x),mϕ(a))|n−
α
k
+1
[
m
(
f (n+1)(a)
)rq
I r (h1(t );n,α,k ,r )
+η2
((
f (n+1)(x)
)rq
,
(
f (n+1)(a)
)rq )
I r (h2(t );n,α,k ,r )
] 1
rq
+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
[
m
(
f (n+1)(b)
)rq
I r (h1(t );n,α,k ,r )
+η2
((
f (n+1)(x)
)rq
,
(
f (n+1)(b)
)rq )
I r (h2(t );n,α,k ,r )
] 1
rq
}
, (2.26)
where
I (hi (t );n,α,k ,r ) :=
∫1
0
tn−
α
k h
1
r
i
(t )dt , ∀ i = 1,2.
Proof. From Lemma 2.24, generalized relative semi-(r ;m,h1,h2)-preinvexity of
(
f (n+1)(x)
)q
,
the well-known power mean inequality, Minkowski inequality and properties of themodulus,
we have
|I f ,η1,ϕ(x;α,k ,n,m,a,b)|
≤ |η1(ϕ(x),mϕ(a))|
n− α
k
+1
|η1(ϕ(b),mϕ(a))|
∫1
0
tn−
α
k | f (n+1)(mϕ(a)+ tη1(ϕ(x),mϕ(a)))|dt
+|η1(ϕ(x),mϕ(b))|
n− α
k
+1
|η1(ϕ(b),mϕ(a))|
∫1
0
tn−
α
k | f (n+1)(mϕ(b)+ tη1(ϕ(x),mϕ(b)))|dt
≤ |η1(ϕ(x),mϕ(a))|
n− α
k
+1
η1(ϕ(b),mϕ(a))
(∫1
0
tn−
α
k dt
)1− 1
q
×
(∫1
0
tn−
α
k
(
f (n+1)(mϕ(a)+ tη1(ϕ(x),mϕ(a)))
)q
dt
) 1
q
+|η1(ϕ(x),mϕ(b))|
n− α
k
+1
η1(ϕ(b),mϕ(a))
(∫1
0
tn−
α
k dt
)1− 1
q
×
(∫1
0
tn−
α
k
(
f (n+1)(mϕ(b)+ tη1(ϕ(x),mϕ(b)))
)q
dt
) 1
q
≤ |η1(ϕ(x),mϕ(a))|
n− α
k
+1
η1(ϕ(b),mϕ(a))
(∫1
0
tn−
α
k dt
)1− 1
q
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×
(∫1
0
tn−
α
k
[
mh1(t )
(
f (n+1)(a)
)rq +h2(t )η2 (( f (n+1)(x))rq ,( f (n+1)(a))rq )] 1r dt
) 1
q
+|η1(ϕ(x),mϕ(b))|
n− α
k
+1
η1(ϕ(b),mϕ(a))
(∫1
0
tn−
α
k dt
)1− 1
q
×
(∫1
0
tn−
α
k
[
mh1(t )
(
f (n+1)(b)
)rq +h2(t )η2 (( f (n+1)(x))rq ,( f (n+1)(b))rq )] 1r dt
) 1
q
≤ |η1(ϕ(x),mϕ(a))|
n− α
k
+1
η1(ϕ(b),mϕ(a))
(∫1
0
tn−
α
k dt
)1− 1
q
{(∫1
0
m
1
r tn−
α
k
(
f (n+1)(a)
)q
h
1
r
1 (t )dt
)r
+
(∫1
0
tn−
α
k η
1
r
2
((
f (n+1)(x)
)rq
,
(
f (n+1)(a)
)rq )
h
1
r
2 (t )dt
)r } 1
rq
+|η1(ϕ(x),mϕ(b))|
n− α
k
+1
η1(ϕ(b),mϕ(a))
(∫1
0
tn−
α
k dt
)1− 1
q
{(∫1
0
m
1
r tn−
α
k
(
f (n+1)(b)
)q
h
1
r
1 (t )dt
)r
+
(∫1
0
tn−
α
k η
1
r
2
((
f (n+1)(x)
)rq
,
(
f (n+1)(b)
)rq )
h
1
r
2 (t )dt
)r } 1
rq
=
(
1
n− αk +1
)1− 1
q 1
η1(ϕ(b),mϕ(a))
{
|η1(ϕ(x),mϕ(a))|n−
α
k
+1
[
m
(
f (n+1)(a)
)rq
I r (h1(t );n,α,k ,r )
+η2
((
f (n+1)(x)
)rq
,
(
f (n+1)(a)
)rq )
I r (h2(t );n,α,k ,r )
] 1
rq
+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
[
m
(
f (n+1)(b)
)rq
I r (h1(t );n,α,k ,r )
+η2
((
f (n+1)(x)
)rq
,
(
f (n+1)(b)
)rq )
I r (h2(t );n,α,k ,r )
] 1
rq
}
.
So, the proof of this theorem is completed. 
We point out some special cases of Theorem 2.33.
Corollary 2.34. In Theorem 2.33 for q = 1, we have the following Hermite-Hadamard type
inequality for generalized ((h1,h2); (η1,η2))-convex mappings via Caputo k-fractional deriva-
tives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤
1
η1(ϕ(b),mϕ(a))
×
{
|η1(ϕ(x),mϕ(a))|n−
α
k
+1
[
m
(
f (n+1)(a)
)r
I r (h1(t );n,α,k ,r )
+η2
((
f (n+1)(x)
)r
,
(
f (n+1)(a)
)r )
I r (h2(t );n,α,k ,r )
] 1
r
+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
[
m
(
f (n+1)(b)
)r
I r (h1(t );n,α,k ,r )
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+η2
((
f (n+1)(x)
)r
,
(
f (n+1)(b)
)r )
I r (h2(t );n,α,k ,r )
] 1
r
}
. (2.27)
Corollary 2.35. In Theorem 2.33 for h1(t )= h2(t )= 1 and f (n+1)(x)≤ L, ∀x ∈ I , we get the fol-
lowing Hermite-Hadamard type inequality for generalized ((m,P); (η1,η2))-convex mappings
via Caputo k-fractional derivatives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤
1(
n− αk +1
) 1
η1(ϕ(b),mϕ(a))
×
[
|η1(ϕ(x),mϕ(a))|n−
α
k
+1+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
]
rq
√
mLrq +η2 (Lrq ,Lrq ). (2.28)
Corollary 2.36. In Theorem 2.33 for h1(t )= h(1− t ), h2(t )= h(t ) and f (n+1)(x)≤ L, ∀x ∈ I ,we
get the following Hermite-Hadamard type inequality for generalized ((m,h); (η1,η2))-convex
mappings via Caputo k-fractional derivatives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤
(
1
n− α
k
+1
)1− 1
q 1
η1(ϕ(b),mϕ(a))
×
[
|η1(ϕ(x),mϕ(a))|n−
α
k
+1+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
]
× rq
√
mLrq I r (h(1− t );n,α,k ,r )+η2 (Lrq ,Lrq ) I r (h(t );n,α,k ,r ). (2.29)
Corollary 2.37. In Corollary 2.36 for h1(t )= (1− t )s , h2(t )= t s , we get the following Hermite-
Hadamard type inequality for generalized ((m, s); (η1,η2))-Breckner-convex mappings via Ca-
puto k-fractional derivatives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤
(
1
n− α
k
+1
)1− 1
q 1
η1(ϕ(b),mϕ(a))
×
[
|η1(ϕ(x),mϕ(a))|n−
α
k
+1+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
]
× rq
√
mLrqβr
(
n− α
k
+1, s
r
+1
)
+η2 (Lrq ,Lrq )
(
1
n− αk + sr +1
)r
. (2.30)
Corollary 2.38. In Corollary 2.36 for h1(t )= (1− t )−s , h2(t )= t−s and 0< s < r, we get the fol-
lowing Hermite-Hadamard type inequality for generalized ((m, s); (η1,η2))-Godunova-Levin-
Dragomir-convex mappings via Caputo k-fractional derivatives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤
(
1
n− αk +1
)1− 1
q 1
η1(ϕ(b),mϕ(a))
×
[
|η1(ϕ(x),mϕ(a))|n−
α
k
+1+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
]
× rq
√
mLrqβr
(
n− α
k
+1,1− s
r
)
+η2 (Lrq ,Lrq )
(
1
n− αk − sr +1
)r
. (2.31)
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Corollary 2.39. In Theorem2.33 for h1(t )= h2(t )= t (1−t ) and f (n+1)(x)≤ L, ∀x ∈ I ,we get the
following Hermite-Hadamard type inequality for generalized ((m, t g s); (η1,η2))-convex map-
pings via Caputo k-fractional derivatives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤
(
1
n− αk +1
)1− 1
q
q
√
β
(
n− αk + 1r +1,1+ 1r
)
η1(ϕ(b),mϕ(a))
×
[
|η1(ϕ(x),mϕ(a))|n−
α
k
+1+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
]
rq
√
mLrq +η2 (Lrq ,Lrq ). (2.32)
Corollary 2.40. In Corollary 2.36 for h1(t )=
p
1− t
2
p
t
, h2(t )=
p
t
2
p
1− t
and r ∈
(
1
2 ,1
]
, we get the
following Hermite-Hadamard type inequality for generalized (m; (η1,η2))-MT -convex map-
pings via Caputo k-fractional derivatives:
|I f ,η1,ϕ(x;α,k ,n,m,a,b)| ≤
rq
√
1
2
(
1
n− αk +1
)1− 1
q 1
η1(ϕ(b),mϕ(a))
×
[
|η1(ϕ(x),mϕ(a))|n−
α
k
+1+|η1(ϕ(x),mϕ(b))|n−
α
k
+1
]
× rq
√
mLrqβr
(
n− α
k
− 1
2r
+1,1+ 1
2r
)
+η2 (Lrq ,Lrq )βr
(
n− α
k
+ 1
2r
+1,1− 1
2r
)
. (2.33)
Remark2.41. For k = 1, by our Theorems2.25 and 2.33, we can get somenewspecialHermite-
Hadamard type inequalities associated with generalized ((h1,h2); (η1,η2))-convex mappings
via Caputo fractional derivatives of order α> 0.
Remark 2.42. Also, applying our Theorems 2.25 and 2.33, for appropriate choices of contin-
uous functions h1, h2 and η1, η2, we can deduce some new inequalities using special means
associated with generalized ((h1,h2); (η1,η2))-convex mappings.
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